In this paper we consider a class of elliptic problems of p-Kirchhoff type with critical exponent in bounded domains and new results as regards the existence and multiplicity of solutions are obtained by using the concentration-compactness principle and variational method.
Introduction
In this paper we deal with the existence and multiplicity of solutions to the following p- Kirchhoff 
< p * and G(t) ≥ σ g(t)t for all t ≥ , where

G(t) = t  g(s) ds. (H) h(x, u) ∈ C( × R, R), h(x,
where ⊂ R N , problem (.) is a generalization of a model introduced by Kirchhoff [] .
More precisely, Kirchhoff proposed a model given by the equation Motivated by reasons above, the aim of this paper is to show that the existence of infinitely many solutions of problem (.), and there exists a sequence of infinitely many arbitrarily small solutions converging to zero by using a new version of the symmetric mountain-pass lemma due to Kajikiya [] .
To the best of our knowledge, the existence and multiplicity of solutions to problem (.) has not ever been studied by variational methods. As we shall see in the present paper, problem (.) can be viewed as an elliptic equation coupled with a non-local term. The competing effect of the non-local term with the critical nonlinearity and the lack of compactness of the embedding of H ,p  ( ) into the space L p * ( ), prevents us from using the variational methods in a standard way. Some new estimates for such a Kirchhoff equation involving Palais-Smale sequences, which are key points to the application of this kind of theory, are needed to be re-established. We mainly follow the idea of [, ]. Let us point out that although the idea was used before for other problems, the adaptation to the procedure to our problem is not trivial at all, since the appearance of non-local term, we must consider our problem for suitable space and so we need more delicate estimates. Our main result in this paper is the following.
Theorem . Suppose that (G)-(G), (H)-(H) hold. There then exists λ
for any λ ∈ (, λ * ), problem (.) has a sequence of non-trivial solutions {u n } and u n →  as n → ∞.
Preliminary lemmas
We consider the energy functional J : 
To use variational methods, we give some results related to the Palais-Smale compactness condition. Recall that a sequence (u n ) is a Palais-Smale sequence of J at the level c, if
We 
where S is the best Sobolev constant, i.e. S = inf{
are Dirac measures at x j and μ j , ν j are constants.
Under assumptions (H) and (H), we have
Hence,
for some c(ε) > .
Lemma . Suppose that (G)-(G), (H)-(H)
hold. Then, for any λ > , the functional J satisfies the local (PS) c condition in
By (.) and (.), we have
Then by (.), we have
where o() →  and M is a some positive number. On the other hand, by (.) and (.), we have
Therefore, the inequalities (.) and (.) imply that {u n } is bounded in W ,p  ( ). Hence, up to a subsequence, we may assume that 
where δ x j is the Dirac measure mass at
and |∇ψ| ∞ ≤ . For ε >  and j ∈ I, denote ψ
By (.) and Vitali's theorem, we see that
Hence, by Hölder's inequality we obtain
Since ψ j ε has compact support, letting n → ∞ in (.) we deduce from (.) and (.) that
Letting ε → , we obtain α  μ j ≤ ν j . Therefore,
We will prove that this inequality is not possible. Let us assume that (α  S) N/p ≤ ν j  for some j  ∈ I. From (G) we see that
it follows that
and n → ∞, we obtain
This is impossible. Then I = ∅, and hence u n → u in L p * ( ).
Then, using (.) and the fact that u n → u in L p * ( ), we have
This, (.), and (.) imply
Since u n is bounded and g is continuous, up to subsequence, there is t  ≥  such that
and so
Thus by the (S + ) property, u n → u strongly in W ,p  ( ). The proof is complete.
Existence of a sequence of arbitrarily small solutions
In this section, we prove the existence of infinitely many solutions of (.) which tend to zero. Let X be a Banach space and denote := A ⊂ X \ {} : A is closed in X and symmetric with respect to the origin .
For A ∈ , we define genus γ (A) as Therefore, for e  ∈ (, e  ), we may find R  < R  such that Q(R  ) = e  . Now we define
